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Districting

A Districting Problem (DP) consists of grouping a set of Territorial Units (TUs)
into a given number of larger geographic clusters, called districts.

Some planning criteria are usually considered in districting problems:

INTEGRITY BALANCING COMPACTNESS CONTIGUITY
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Planning criteria

Integrity
Each TU is assigned exactly to one district.

Balancing
Given a certain “activity measure” for a TU (e.g. demand), balancing expresses
the need for districts of similar size with respect to the considered measure(s).
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Planning criteria

Compactness
Districts are created in such a way that the TUs in each district are “close” to
each other.

Contiguity
Do not cross other districts to move between TUs of the same district (no
enclaves or exclaves).
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Applications and related literature

DPs have applications in many areas:

Political districting.
Garfinkel and Nemhauser (1970), Ricca and Simeone (2008), Ricca et al.
(2013).

Strategic service planning and management (e.g. in health care).
Benzarti et al. (2013), Blais et al. (2003), Mostafayi Darmian et al. (2021).

School systems.
Bruno et al. (2016), Caro et al. (2004), Ferland and Guénette (1990),
Schoepfle and Church (1991).

Energy and power distribution networks.
Bergey et al. (2003), de Assis et al. (2014), Yanık et al. (2014).
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Applications and related literature

DPs have applications in many areas:

Design of police districts.
D’Amico et al. (2002).

Waste collection.
Mourão et al. (2009), Ríos-Mercado and Bard (2019).

Transportation.
Bruno and Laporte (2002), Tavares et al. (2007).

Design of commercial areas to assign sales forces.
Ríos-Mercado and López-Pérez (2013), Zoltners and Sinha (2005).

Distribution Logistics.
Konur and Geunes (2019), Zhong et al. (2007).

...
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The model by Hesse et al. (1965)

Hess et al. (1965) introduced a seminal optimization model for districting.

Create p districts according to three criteria:

(i) Integrity;

(ii) Balancing;

(iii) Compactness.

The number of districts p is given beforehand.
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The model by Hesse et al. (1965)

Some notation:

I set of basic territorial units (TUs).

di activity level in TU i ∈ I.
↓

“demand”

`ij distance between TU i and TU j (i, j ∈ I).
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The model by Hesse et al. (1965)

Ensuring BALANCING

The demand in the districts should be similar:

w(D1) ∼= w(D2) ∼= . . . ∼= w(Dp)

How to ensure this?

µ average demand per district.

µ =
1
p

∑
i∈I

di.

α maximum deviation allowed w.r.t. µ.
(The demand in a district should not deviate from µ more than 100× α%.)
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The model by Hesse et al. (1965)

Ensuring COMPACTNESS

Which one is more compact?
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The model by Hesse et al. (1965)

Ensuring COMPACTNESS

`io, distance between a TU i and the “central TU”, say o, of its district.

cio ← `io or cio ← `2
io

↓ ↓
“Cost” for including TU i in the district that has o as the central TU.∑

i∈Do

cio → Measure of compactness for the district.
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The model by Hesse et al. (1965)

√
Every district will have a TU representing it (“center” of the district).

√
TU i is assigned to TU j ≡ TU i is in the district represented by TU j.

Decision variables:

xij =
{

1, if TU i is assigned to TU j,

0, otherwise,
∀i, j ∈ I.

For some j ∈ I:

xjj = 1 ≡ TU j is assigned to itself.

≡ TU j is the representative—center—of its district.
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The model by Hesse et al. (1965)

min
∑
i∈I

∑
j∈I

cijxij , Compactness

s. t.
∑
j∈I

xij = 1, ∀i ∈ I, Integrity

∑
j∈I

xjj = p, p Districts

(1− α)µxjj ≤
∑
i∈I

dixij ≤ (1 + α)µxjj , ∀j ∈ I, Balancing

xij ≤ xjj , ∀i, j ∈ I, Necessary?

xij ∈ {0, 1}, ∀i, j ∈ I. Integrity

p-median problem with balancing constraints!
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The model by Hesse et al. (1965)

min
∑
i∈I

∑
j∈I

cijxij , Compactness

s. t.
∑
j∈I

xij = 1, ∀i ∈ I, Integrity

∑
j∈I

xjj = p, p Districts

(1− α)µxjj ≤
∑
i∈I

dixij ≤ (1 + α)µxjj , ∀j ∈ I, Balancing

xij ≤ xjj , ∀i, j ∈ I, Allocation

xij ∈ {0, 1}, ∀i, j ∈ I. Integrity

Discrete p-median problem with balancing constraints!
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The model by Hesse et al. (1965)

min
∑
i∈I

∑
j∈I

cijxij , Compactness

s. t.
∑
j∈I

xij = 1, ∀i ∈ I, Integrity

∑
j∈I

xjj = p, p Districts

(1− α)µxjj ≤
∑
i∈I

dixij ≤ (1 + α)µxjj , ∀j ∈ I, Balancing

xij ≤ xjj , ∀i, j ∈ I, Necessary?

xij ∈ {0, 1}, ∀i, j ∈ I. Integrity

Discrete p-median problem with balancing constraints!
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Demand changes

But...in practice demand (activity level) may change!
expansion of urban areas;
migration flows;
economic conditions;
...

How to hedge against such changes?

Depends on the problem we are solving!
Re-districting;
Multi-period districting;
Districting under uncertainty;
...
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Demand changes

Re-districting

√
The demand changing has already occurred;

√
A reactive posture is assumed;

√
A so-called redistricting problem is solved.

↓
Optimization problem aiming at redesigning existing districts.
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Demand changes

Multi-period districting

√
The demand has still not changed;

√
Demand changes can be predicted for some future—planning horizon;

√
A proactive posture is assumed;

√
A multi-period districting problem is solved.

↓
A plan (districting/redistricting) is devised to cope with the varying demand.
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Demand changes

Districting under uncertainty

√
Demand is uncertain—cannot be forecasted accurately;

√
A proactive posture is assumed;

√
Different paradigms can be considered:

Online optimization
Typically for short term uncertainty.

Robust optimization
Uncertainty sets are considered for the demand.

Stochastic Programming
Uncertainty is described by some probability distribution.
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Demand changes

Districting under uncertainty

√
Demand is uncertain—cannot be forecasted accurately;;

√
A proactive posture is assumed;

√
Different paradigms can be considered:

Online optimization
Typically for short term uncertainty.

Robust optimization
Uncertainty sets are considered for the demand.

Stochastic Programming
Uncertainty is described by some probability distribution.

The case we consider hereafter!
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Assumptions

We seek to plan for the organization of a geographical area into districts.

√
A here-and-now decision has to be made about the districts;

√
Demand is stochastic;
We denote the corresponding random vector by ξ = [d1, . . . , d|I|].

√
The CDF of ξ is known (e.g. estimated using historical data).
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Decisions

Here-and-now decision:
a territory design

feasible?

Under demand uncertainty:

looking for a solution that is feasible
for all the possible future observa-
tions of the demand may be impos-
sible...

↓
Non-balanced solutions!

Even if it is possible, it may render
a solution too much “fatness”.

What can we do?
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Decisions

Here-and-now decision:
a territory design

−→
demand
becomes
known
−→

Some recourse action is implemented:
A second-stage decision is made.
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Unbalanced first-stage solutions

After demand is observed we may conclude that the initial solution is infeasible.

↓
Unbalanced solution.

↓
Extraordinary actions may be taken to overcome shortage or surplus at the dis-
tricts (w.r.t. the established threshold):
√

Handling possible shortage at some districts;
e.g. downsizing work force.

√
Handling possible surplus at some districts;
e.g. outsourcing.
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Additional notation

We need extra variables and extra cost parameters:

ψj demand surplus in district j ∈ I w.r.t. the maximum threshold.

ϕj demand shortage in district j ∈ I w.r.t. the minimum threshold.

gj unit cost in district j ∈ I for demand above the maximum threshold.

hj unit cost in district j ∈ I for demand below the minimum threshold.
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Two-stage stochastic programming model

min
∑
i∈I

∑
j∈I

cijxij +Q(x),

s. t.
∑
j∈I

xij = 1, ∀i ∈ I,

∑
j∈I

xjj = p,

xij ≤ xjj , ∀i, j ∈ I,

xij ∈ {0, 1}, ∀i, j ∈ I,

with
Q(x) = Eξ[Q(x, ξ)].
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Two-stage stochastic programming model

Q(x, ξ) = min
∑
j∈I

gjψj(ξ) +
∑
j∈I

hjϕj(ξ),

s. t. (1− α)µxjj ≤
∑
i∈I

di(ξ)xij + ϕj(ξ)− ψj(ξ) ≤ (1 + α)µxjj ,

∀j ∈ I,
ψj(ξ) ≥ 0, ∀j ∈ I,
ϕj(ξ) ≥ 0, ∀j ∈ I.

If the support of the random vector ξ, say Ξ, is finite than we can go further in
terms of modeling.

We call scenario to a realization of the random vector ξ = [d1, . . . , d|I|].

If Ξ is finite we can index the different scenarios in a finite set, say S = {1, . . . , |Ξ|}.
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Extensive form of the deterministic equivalent

We can now index in S the demand and the second-stage decision variables:

dis, demand of TU i ∈ I under scenario s ∈ S.

ψjs, demand surplus in district j ∈ I under scenario s ∈ S.

ϕjs, demand shortage in district j ∈ I under scenario s ∈ S.

Additionally,

πs, probability associated with scenario s ∈ S.

πs ≥ 0 (s ∈ S) and
∑

s∈S
πs = 1.

µ̂, reference value to be used in the balancing constraints.

µ̂ = 1
p

∑
s∈S

(
πs

∑
i∈I

dis

)
.
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Two-stage stochastic programming model

min
∑
i∈I

∑
j∈I

cijxij +
∑
s∈S

[
πs

∑
j∈I

(
gjψjs + hjϕjs

)]
,

s. t.
∑
j∈I

xij = 1, ∀i ∈ I,

∑
j∈I

xjj = p,

xij ≤ xjj , ∀i, j ∈ I,

(1− α) µ̂ xjj ≤
∑
i∈I

disxij + ϕjs − ψjs ≤ (1 + α) µ̂ xjj , ∀j ∈ I, s ∈ S,

xij ∈ {0, 1}, ∀i, j ∈ I,
ψjs ≥ 0, ∀j ∈ I, s ∈ S,
ϕjs ≥ 0, ∀j ∈ I, s ∈ S.
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Additional second-stage decisions

The set of second-stage decisions can be enriched.

In addition to handling possible shortages and surplus at the districts we may
become more proactive.

↓
√

Move TUs across districts.
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Decisions

Here-and-now decision:
a territory design

−→
demand
becomes
known
−→

Second-stage decisions:
Shortages / Surplus / Re-districting
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Additional notation

We keep assuming uncertainty captured by a finite set of scenarios.

Additional notation:

rijs, cost for re-assigning TU i to TU j under scenario s, ∀i, j ∈ I, s ∈ S.

wijs =
{

1, if TU i is assigned to district j under scenario s,
0, otherwise,

∀i, j ∈ I, s ∈ S.

vijs =
{

1, if wijs = 1 and xij = 0,
0, otherwise,

∀i, j ∈ I, s ∈ S.
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Districting Problems
Two-Stage Stochastic Districting

Extensions
Computational Experiments

Conclusions

Ingredients for building a model
A stochastic districting problem with auxiliary recourse decisions
A stochastic districting/re-districting problem

Enriched model

min
∑
i∈I

∑
j∈I

cijxij +
∑
s∈S

πs

(∑
i∈I

∑
i∈I

rijsvijs +
∑
j∈I

(
gjψjs + hjϕjs

))
,

s. t.
∑
j∈I

xij = 1, ∀i ∈ I,

∑
j∈I

xjj = p,

xij ≤ xjj , ∀i, j ∈ I,

(1− α) µ̂ xjj ≤
∑
i∈I

diswijs + ϕjs − ψjs ≤ (1 + α) µ̂ xjj , ∀j ∈ I,

xij ∈ {0, 1}, ∀i, j ∈ I,
ψjs ≥ 0, ∀j ∈ I, s ∈ S,
ϕjs ≥ 0, ∀j ∈ I, s ∈ S,
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√
vijs ≥ max{0, wijs−xij}

√
v∗ijs = max{0, w∗ijs−x∗ij}

Districting Problems
Two-Stage Stochastic Districting

Extensions
Computational Experiments

Conclusions

Ingredients for building a model
A stochastic districting problem with auxiliary recourse decisions
A stochastic districting/re-districting problem

Enriched model

min
∑
i∈I

∑
j∈I

cijxij +
∑
s∈S

πs

(∑
i∈I

∑
i∈I

rijsvijs +
∑
j∈I

(
gjψjs + hjϕjs

))
,

s. t.
∑
j∈I

wijs = 1, i ∈ I, s ∈ S,

∑
l6=j

wjls ≤ 1− xjj , j ∈ I, s ∈ S,

vijs ≥ wijs − xij , i, j ∈ I, s ∈ S,
vijs ≥ 0, i, j ∈ I, s ∈ S,
wijs ∈ {0, 1}, i, j ∈ I, s ∈ S.
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Capturing other features of practical relevance
Maximum dispersion
Maximum number of reassignments
Similarity w.r.t. the initial territory design

Some extensions of practical relevance:

Maximum solution dispersion;

Limitation in the number of reassignments in the second stage;

Similarity w.r.t. the initial districting.
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Similarity w.r.t. the initial territory design

Dispersion

Territory dispersion indicates the maximum distance between a TU and the center
of the district it is assigned to.

Suppose that there is a maximum desirable dispersion, say lmax, for the districting
solutions being devised.

↓
For the first-stage solution this can be easily ensured:

xij ← 0, for every i, j ∈ I such that `ij > lmax.
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Dispersion

A maximum value for the dispersion may also be imposed for the second-stage
solution.

For every i, j ∈ I such that `ij > lmax and for every s ∈ S we must set:

xij ← 0,

wijs ← 0,

vijs ← 0.

For every instance of the problem there is a maximum absolute dispersion that
makes sense to impose: the one resulting from solving the stochastic model.
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Number of reassignments

In a stochastic setting, adapting a solution to the occurring scenarios may disfavor
compactness and thus contiguity.

Natural extension to the problem:

↓
Imposing a limit on the number of reassignments in the second stage.

m, maximum number of allowed reassignments.

Additional constraint: ∑
i∈I

∑
j∈I

vijs ≤ m, ∀s ∈ S.
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Maximum dispersion
Maximum number of reassignments
Similarity w.r.t. the initial territory design

Similarity w.r.t. an initial plan

In some applications, it may be relevant to guarantee a certain degree of “simi-
larity” w.r.t. some territory organization already planned.

In a stochastic setting we can consider similarity constraints associated with the
second stage.

↓
Ensure that we redesign districts keeping a certain degree of similarity w.r.t. the
first-stage districting plan.:∑

i∈I

xijwijs ≥ γ
∑
i∈I

xij , ∀j ∈ I, s ∈ S.

γ ∈ [0, 1], minimum proportion of TUs to keep together in the same district
according to the first-stage plan.
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Similarity w.r.t. an initial plan

Additional constraints:∑
i∈I

xijwijs ≥ γ
∑
i∈I

xij , ∀j ∈ I, s ∈ S.

Linearizarion:

vijs ≤ wijs, ∀i, j ∈ I, s ∈ S.

xij + vijs ≤ 1, ∀i, j ∈ I, s ∈ S.

The non-linear constraints can now be reformulated as:∑
i∈I

(
wijs − vijs

)
≥ γ

∑
i∈I

xij , ∀j ∈ I, s ∈ S.
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Data
The base model
Results for the extended model

Real geographical data

Province of Novara (Northern Italy)
88 municipalities.

√
Demand generated randomly.

Base demand: di ∼ U [1, 10].

Scenario 1:
20% below base demand.

Scenario 2:
base demand.

Scenario 3:
20% above base demand.
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Real geographical data

Province of Novara (Northern Italy)
88 municipalities.

√
Four probability distributions:

Probability distribution (k)
Scenario 1 2 3 4

1 1/3 2/3 1/6 1/6
2 1/3 1/6 2/3 1/6
3 1/3 1/6 1/6 2/3

√
Assignment costs:

ck
ij = `ij

∑
s∈S

πskdis, i, j ∈ I.

√
Reassignment costs:
rijs = ωdis`ij , i, j ∈ I, s ∈ S.
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Data
The base model
Results for the extended model

One stochastic solution: p = 4, k = 3, ω = 1, α = 0.2

Stochastic model
Optimal solution—first stage:

Stochastic model
Optimal solution—second stage?

We have three scenarios!

↓
One second-stage solution for each
scenario.
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Results for the extended model

One stochastic solution: p = 4, k = 3, ω = 1, α = 0.2

Stochastic model—second stage solutions

Scenario 1: Scenario 2: Scenario 3:

Optimal value of the stochastic model: obj(SP)=3463.20.
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The Expected Value Problem: p = 4, k = 3, ω = 1, α = 0.2

Expected Value (EV) Problem

Deterministic solution obtained by
replacing the uncertain demand by
their expected values.
(= scenario 2 in this example)

↓
Territory design

√
Solution x̂ij , i, j ∈ I.

Is this a good solution for the
stochastic problem?

Francisco Saldanha-da-Gama University of Lisbon, Portugal HKU, March 23, 2022 59



Districting Problems
Two-Stage Stochastic Districting

Extensions
Computational Experiments

Conclusions

Data
The base model
Results for the extended model

The Expected Value Problem: p = 4, k = 3, ω = 1, α = 0.2

(EEV) Expected cost (in the
stochastic model) setting the
solution obtained for the EV
Problem

Take again the stochastic model
but:
√

fixing the first-stage districting
decision according to the values

x̂ij , i, j ∈ I;
√

Solving the model to find the w-
and v-variables in all scenarios.

scenario 1 scenario 3

Obj(EEV)= 3595.15
but... Obj(SP)= 3463.20
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Results for the extended model

Two initial districting solutions: p = 4, k = 3, ω = 1, α = 0.2

A “deterministic” perspective:

Final solution value: 3595.15

A “stochastic” perspective:

Final solution value: 3463.20
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Additional results: 100×VSS/SP

The value of the stochastic solution: VSS = EEV− SP
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Additional results: 100×VSS/SP

The value of the stochastic solution:
The optimal solution to the expected value problem provides a better ap-
proximation for the stochastic problem when ω = 1.

Relocations cost more when ω = 2;
The expected value solution is not sensitive to ω since no relocations are
made for a single-scenario problem.

The VSS decreases with an increase in p—more districts are considered:
the expected value problem provides a better approximation to the stochastic
problem → we typically observe fewer reassignments required.

The uniform distribution seems to dominate the others.
The intermediate values of α give raise to higher values of VSS:

for small α the expected value problem provides a good approximation to the
problem since the penalty costs become dominant.
For larger α there’s not much to rearrange in the solution.
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Additional results: 100×CVSS/SP

The compactness value of the stochastic solution (CVSS):
(Like VSS but ignoring the penalty costs for shortages and surplus.)
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Additional results: 100×CVSS/SP

The compactness value of the stochastic solution (CVSS):

It is important to compute because the penalty costs may blur the results.

The VSS values are smaller in terms of compactness...

...but the expected value solution provides a poor approximation to the
stochastic problem.
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Additional results: 100×EVPI/SP

Expected Value of the Perfect Information: EVPI = SP−WS
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Additional results: 100×EVPI/SP

Expected Value of the Perfect Information:

Capturing uncertainty in our districting problem is of great relevance.

The EVPI is rather insensitive to the number of districts.

The EVPI shows a decreasing trend with α.
The lower this parameter the higher the risk of observing demand surplus
or shortages.
↓

A decision maker is willing to pay a higher price to know perfect information
about the future!
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Performance of the stochastic model

So far we focused the results on a single set of geographical data.

↓
88 municipalities in the province of Novara (Northern Italy).

To assess the performance of the models we extended the instance set generating
instances with 120, 60, and 40 TUs.

The stochastic model was solved using an off-the-shelf solver.
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Additional results: computing time

Computing time (seconds):
(CPLEX, run on an Intel(R) Celeron(R) with 1.50GHz, 4GB RAM.)
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Additional results: computing time

Our stochastic districting problem can be solved up to proven optimality
using tools that are available to most practitioners.

There is still room for considering more comprehensive models.

Francisco Saldanha-da-Gama University of Lisbon, Portugal HKU, March 23, 2022 70



Outline

Districting Problems
Introduction
A seminal optimization model
Coping with changing demand

Two-Stage Stochastic Districting
Ingredients for building a model
A stochastic districting problem with auxiliary recourse decisions
A stochastic districting/re-districting problem

Extensions
Capturing other features of practical relevance
Maximum dispersion
Maximum number of reassignments
Similarity w.r.t. the initial territory design

Computational Experiments
Data
The base model
Results for the extended model

Conclusions



Districting Problems
Two-Stage Stochastic Districting

Extensions
Computational Experiments

Conclusions

Data
The base model
Results for the extended model

Maximum dispersion: p = 4, k = 3, ω = 1, α = 0.2

lmax ← bmaxi,j∈I, s∈S {`ijw̃ijs}c = 31.

(w̃ijs: second-stage districting using the base stochastic model.)

lmax SP EEV 100× V SS

SP
WS 100× EV PI

SP
CPU (sec.)

∞ 3463.21 3597.21 3.87 3249.18 6.18 534.33
31.00 3463.99 3597.21 3.85 3249.18 6.20 300.44
27.00 3464.43 3601.97 3.97 3249.18 6.21 313.25
26.00 3464.91 3601.97 3.96 3249.18 6.23 401.59
25.00 3465.68 3601.97 3.93 3249.18 6.25 122.50
22.00 3474.10 3620.88 4.23 3249.18 6.63 293.56
18.00 3479.85 6731.63 93.45 3249.18 12.02 662.77
16.00 3693.27 7080.40 91.71 3249.18 50.08 222.99
15.00 6551.23 7099.49 8.37 3270.69 50.00 86.98
14.00 8890.62 The corresponding EEV is infeabible 39.08
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Maximum number of reallocations: p = 4, k = 3, ω = 1, α = 0.2

mmax ← maxs∈S

{∑
i∈I

∑
j∈I

ṽijs

}
= 7.

(ṽijs: re-allocations using the base stochastic model.)

m SP EEV 100× V SS

SP
WS 100× EV PI

SP
CPU (sec.) max

s∈S

{∑
i,j∈I

vijs

}
∞ 3463.21 3597.21 3.87 3249.18 6.18 534.33 7
6 3464.00 3629.55 4.78 3249.18 6.20 519.21 5
4 3465.67 5332.71 53.87 3249.18 6.25 209.87 4
3 3469.52 6961.19 100.64 3249.18 6.35 236.44 3
2 3473.69 8625.23 148.30 3249.18 6.46 664.57 2
1 3480.25 10398.22 198.78 3249.18 6.64 461.14 1
0 3498.56 12175.12 248.00 3249.18 7.13 27.00 0

First row (m =∞): our base solution.
Last row (m = 0): No reallocations allowed.
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Similarity w.r.t. initial plan: p = 4, k = 3, ω = 1, α = 0.2

γ∗ ← min
j∈I, s∈S

{∑
i∈I

x̃ijw̃ijs∑
i∈I

x̃ij

}
= 0.84.

(x̃ij , w̃ijs: values obtained using the base stochastic model.)

γ SP EEV 100× V SS

SP
WS 100× EV PI

SP
CPU (sec.)

0.00 3463.21 3597.21 3.87 3249.18 6.18 534.33
0.85 3464.00 3606.23 4.11 3249.18 6.20 516.58
0.90 3468.80 4184.58 20.63 3249.18 6.33 1405.86
0.95 3473.69 8718.12 150.98 3249.18 6.46 850.02
1.00 3498.56 12175.12 248.00 3249.18 7.13 2095.78

First row (γ = 0.00): our base stochastic solution.
Last row (γ = 1.0): full similarity (no reallocations allowed).
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Overview of this seminar

Basic concepts of districting problems were reviewed;

Different ways for hedging against changing demand we discussed;

A two-stage stochastic programming modeling framework was presented for
capturing stochastic demand.

The stochastic model was enriched by capturing additional features of prac-
tical relevance.

The results of a series of computational tests performed using real geo-
graphical data were discussed.
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Some ideas for further research

This is an area in which much work remains to be done!

Multi-period variants of the problem;

Stochastic models for risk-averse decision makers;

Robust Optimization models;

...
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